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EQUIVARIANT ALGEBRAIC KK-THEORY AND ADJOINTNESS
THEOREMS
EUGENIA ELLIS
Abstract. We introduce an equivariant algebraic kk-theory for G-algebras
and G-graded algebras. We study some adjointness theorems related with
crossed product, trivial action, induction and restriction. In particular we
obtain an algebraic version of the Green-Julg Theorem which gives us a com-
putational tool.
1. Introduction
Algebraic kk-theory has been introduced by G. Cortin˜as and A. Thom in [2].
This is a bivariant K-theory on the category of ℓ-algebras where ℓ is a commutative
ring with unit. For each pair (A,B) of ℓ-algebras a group kk(A,B) is defined. A
category KK is obtained whose objects are ℓ-algebras and where the morphisms from
A to B are the elements of the group kk(A,B). The category KK is triangulated
and there is a canonical functor j : Algℓ → KK with universal properties. These
properties are algebraic homotopy invariance, matrix invariance and excision.
The definition of algebraic kk-theory was inspired by the work of J. Cuntz [4] and
N. Higson [7] on the universal properties of Kasparov KK-theory [8]. The KK-
theory of separable C∗-algebras is a common generalization both of topological
K-homology and topological K-theory as an additive bivariant functor. Let A, B
be separable C∗-algebras. Then
(1.1) KK∗(C, B) ≃ K
top
∗ (B) KK
∗(A,C) = K∗hom(A)
here Ktop∗ (B) denotes the K-theory of B and K
∗
hom(A) the topological K-homology
of A. J. Cuntz in [3] gave another equivalent definition of the original one given
in [8]. This new approach allowed to put bivariant K-theory in algebraic context.
Higson in [7] stated the universal property of KK whose algebraic analogue is
studied in [2], where also an analogue of (1.1) is proved. On the algebraic side, if
A is an ℓ-algebra then
kk(ℓ, A) ≃ KH(A)
here KH is Weibel’s homotopy K-theory defined in [12]. We can start to build a
dictionary between Kasparov’s KK-theory and algebraic kk-theory in the following
way
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Kasparov’s KK-theory ↔ algebraic kk-theory
bivariant K-theory on bivariant K-theory on
separable C∗-algebras ↔ ℓ-algebras
C∗-Alg Algℓ
k : C∗-Alg→ KK ↔ j : Algℓ → KK
k is stable with respect to ↔ j is stable with respect to
compact operators K M∞ =
⋃
n∈NMn
k is continous homotopy invariant ↔ j is polynomial homotopy invariant
k is split exact ↔ j is excisive
k is universal for the properties ↔ j is universal for the properties
described above described above
KK∗(C, A) ≃ K
top
∗ (A) ↔ kk∗(ℓ, A) ≃ KH∗(A)
In this paper we obtain an equivariant version of the dictionary stated above in
the following sense
Equivariant Kasparov’s KK-theory ↔ Equivariant algebraic kk-theory
bivariant K-theory on bivariant K-theory on
separable G-C∗-algebras ↔ G-algebras
k : G-C∗-Alg→ KKG ↔ jG : G-Alg→ KKG
k is stable with respect to ↔ jG is G-stable
K(ℓ2(G× N))
k is continous homotopy invariant ↔ jG is polynomial homotopy invariant
k is split exact ↔ jG is excisive
k is universal for the properties ↔ jG is universal for the properties
described above described above
KKG∗(C, A) ≃ K
top
∗ (A ⋊G) ↔ kk
G(ℓ, A) ≃ KH(A ⋊G)
with G compact with G finite and 1/|G| ∈ ℓ
We also introduce a dual theory KˆK
G
for G-graded algebras and establish a
duality result similar to that proved by Baaj and Skandalis in [1].
In Section 2 we recall some results from [2]. We take special care in the definition
of equivariant matrix invariance. We introduce the concept of G-stable functor in
Section 3, the rest of the concepts which appears in the equivariant dictionary
are straightforward. The definition of G-stability was inspired by the definition of
equivariant stability for G-C∗-algebras (see [11]). In sections 2 and 3 G is a group
without any other assumption but from Section 4 and for the rest of the paper G
is a countable group.
In Section 4 we introduce the appropiate brand of equivariant algebraic kk-theory
in each case and establish its universal properties. For a countable group G, we
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define an equivariant algebraic kk-theory KKG for the category of G-algebras and
KˆK
G
for the category of G-graded algebras.
We study adjointness theorems in equivariant kk-theory. We put in an algebraic
context some of the adjointness theorems which appear in Kasparov KK-theory.
In Section 5, we define the functors of trivial action and crossed product between
KK and KKG. The first adjointness theorem is Theorem 5.2.1 which is an algebraic
version of the Green-Julg Theorem. This result gives us the first computation
related with homotopy K-theory. If G is a finite group, A is a G-algebra, B is an
algebra and 1|G| ∈ ℓ then there is an isomorphism
ψGJ : kk
G(Bτ , A)→ kk(B,A⋊G).
In particular, if B = ℓ then
kkG(ℓ, A) ≃ KH(A⋊G).
In Section 6 we consider H a subgroup of G. We define induction and restriction
funtors between KKG and KKH and study the adjointness between them. If B is
an H-algebra and A is a G-algebra then there is an isomorphism
ψIR : kk
G(IndGH B,A)→ kk
H(B,ResHGA).
This result gives us another computation. Taking H the trivial group and B = ℓ
we obtain that
kkG(ℓ(G), A) ≃ KH(A) ∀A ∈ G−Alg .
Here ℓ(G) =
⊕
g∈G ℓ with the regular action of G. More general, if H is a finite
subgroup of G and 1/|H | ∈ ℓ we combine ψGJ and ψIR and obtain
kkG(ℓ(G/H), A) ≃ KH(A⋊H) ∀A ∈ G−Alg .
In Section 7 we obtain an algebraic version of the Baaj-Skandalis duality theorem.
We show that the functors
⋊G : KKG → KˆK
G
G⋊ˆ : KˆK
G
→ KKG
are inverse category equivalences.
Acknowledgements. The results here are part of my PhD Thesis. I am thankful
to Willie Cortin˜as for his orientation and comments about this paper. I would like
also to thank the referee for useful comments. This paper was finished during a
visit to the Freie Universita¨t Berlin (FU), financed by Berlin Mathematical School
(BMS) and International Mathematical Union (IMU). I am also thankful to Freie
Universita¨t for its hospitality and to BMS-IMU for its support.
2. Algebraic kk-theory
In this section we recall some results from [2] and we adapt them to our setting.
Let ℓ be a commutative ring with unit. We consider an ℓ-bimodule A such that
x · a = a · x, with x ∈ ℓ and a ∈ A. An ℓ-bimodule A is an ℓ-algebra if it is an
associative and not necessarily unital algebra. LetG be a group. AG-algebraA is an
ℓ-algebra with an action of G, i.e. with a group homomorphism α : G→ Endℓ(A),
where Endℓ(A) denote the group of ℓ-linear endomorphisms of A. We shall denote
by g(a) or g · a the element α(g)(a). An equivariant morphism f : A → B between
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G-algebras is a G-equivariant ℓ-linear map. A G-graded algebra A is an ℓ-algebra
with a familiy of ℓ-submodules {As}s∈G such that
A =
⊕
s∈G
As AsAt ⊆ Ast s, t ∈ G.
We write |a| = s if a ∈ As. An homogeneous morphism f : A → B of G-graded
algebras is an algebra morphism such that f(As) ⊂ Bs, for all s ∈ G. We consider
the category of G-algebras with equivariant morphisms and the category of G-
graded algebras with homogeneous morphisms.
In this section we define an algebraic kk-theory for the categories of G-algebras
and G-graded algebras. We write C to refer to either of these categories.
2.1. Homotopy invariance. Let A be an object of C. Put A∆
1
:= A[t] = A ⊗Z
Z[t]. Consider the trivial action of G (trivial G-grading) on Z[t] and the diagonal
structure on A[t]. Then A[t] is an object of C. Let us write cA : A → A[t] for the
inclusion of A as constant polynomials in A[t] and evi : A[t]→ A for the evaluation
of t at i (i = 0, 1). Note that these maps are morphisms in C and that cA is a
section of evi.
Let f0, f1 : A→ B be morphisms in C. We call f0 and f1 elementarily homotopic,
and write f0 ∼e f1, if there exists a morphism H : A→ B[t] such that eviH = fi,
i = 0, 1. It is easy to check that elementary homotopy is a reflexive and symmetric
relation but in general it is not transitive. Let f, g : A → B be morphisms in C.
We call f and g homotopic, and write f ∼ g, if they can be connected by a finite
chain of elementary homotopies,
f ∼e h0 ∼e . . . ∼e hn ∼e g.
We denote the set of homotopy clases by [A,B]C . A morphism f : A → B is an
elementary homotopy equivalence if there exists a morphism g : B → A such that
f ◦ g ∼e idB and g ◦ f ∼e idA. We say A is elementarily contractible if the null
morphism and the identity morphism are elementarily homotopic.
The category of ind-objects of C is the category ind-C of directed diagrams in
C. An object in ind-C is described by a filtering partially ordered set (I,≤) and a
functor A : I → C. The set of homomorphisms in ind-C is defined by
homind-C((A, I), (B, J)) := limi∈I
colim
j∈J
homC(Ai, Bj).
Let A = (A, I) and B = (B, J) be objects of ind-C, we have a map
(2.1.1) homind-C(A,B) 7→ [A,B]C = limi∈I
colim
j∈J
[Ai, Bj ]C .
We say two morphisms in ind-C are homotopic if their images by (2.1.1) are equal.
An object of ind-C is contractible if the null morphism and the identity morphism
are homotopic. Sometimes we shall omit the poset in the notation.
Let D be an arbitrary category. A functor F : C → D is homotopy invariant if
it maps the inclusion cA : A → A[t] to an isomorphism. It is easy to check that
F : C → D is an homotopy invariant functor if and only if F (f) = F (g) when
f ∼ g (or equivalenty when f ∼e g). If C is the category of G-algebras we say that
an homotopy invariant functor is equivariantly homotopy invariant and if C is the
category of G-graded algebras we say that a homotopy invariant functor is graded
homotopy invariant.
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2.2. Matrix stability. ConsiderMn the algebra of n×n-matrices with coefficients
in Z with the trivial action (grading) of G and M∞ = ∪n≥0Mn. Let A be an object
in C. We define
MnA =Mn ⊗Z A M∞A = M∞ ⊗Z A
which are objects in C with the diagonal action (grading). Denote by ιn : Z→Mn
and ι∞ : Z → M∞ the inclusions at the upper left corner. A functor F : C → D
is Mn-stable (M∞-stable) if F (ιn ⊗ idA) (F (ι∞ ⊗ idA)) is an isomorphism for all
A ∈ C.
2.3. Algebra of polynomial functions. Consider the following simplicial ring
(2.3.1) Z∆ : [n] 7→ Z∆
n
Z
∆n := Z[t0, . . . , tn]/ < 1−
∑
i
ti >
Θ : [n]→ [m] 7→ Θ∗ : Z∆
m
→ Z∆
n
Θ∗(ti) =
{
0 si Θ−1(i) = ∅∑
j∈Θ−1(i) tj si Θ
−1(i) 6= ∅
Let A be an object in C. Define
A∆ : [n] 7→ A∆
n
A∆
n
:= A⊗Z Z
∆n
Note A∆ is a simplicial C-object. Let X be a simplicial set. Define
AX := mapS(X,A
∆)
If (K, ⋆) is a pointed simplicial set, put
A(K,⋆) := mapS∗((K, ⋆), A
∆) = ker(mapS(K,A
∆)→ mapS(⋆,A
∆)) = ker(AK → A)
If A is a G-algebra (G-graded algebra) and K a finite simplicial set, by [2, Lemma
3.1.3] we can consider AK and A(K,⋆) as a G-algebras (G-graded algebras) taking
the diagonal structure with the trivial structure in ZK and Z(K,⋆).
We will denote by sd•X the following pro-simplicial set
sd•X : . . . −→ sdnX
h
−→ sdn−1X −→ . . . −→ sdX
h
−→ X
where sdX is the subdivision of X and h is the last vertex map, see [5, III.4]. If A
is an object in C we consider the following object in ind-C
Asd
•X : AX → AsdX → . . .→ Asd
n−1X → Asd
nX → . . .
2.4. Extensions and classifying map. A sequence of morphisms in ind-C
(2.4.1) A
f
−→ B
g
−→ C
is called an extension if f is a kernel of g and g is a cokernel of f . Let U(C) be
the category of modules with linear and equivariant maps (graded maps), i.e. we
forget the multiplication in C keeping the module structure. Let F : C → U(C) be
the forgetful functor. This functor can be extended to F : ind-C → ind-U(C). We
will call an extension (2.4.1) weakly split if F (g) has a section in ind-U(C).
Let M be an object in U(C). Consider in
T˜ (M) =
⊕
n≥1
M⊗
n
M⊗
n
= M ⊗ . . .⊗M︸ ︷︷ ︸
n-times
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the usual structure of ℓ-algebra. If C is the category of G-algebras, we consider in
M⊗
n
the following action,
g · (m1 ⊗m2 ⊗ . . .⊗mn) = g ·m1 ⊗ g ·m2 ⊗ . . .⊗ g ·mn
which gives to T˜ (M) a G-algebra structure. If C is the category of G-graded alge-
bras, take in M⊗
n
the following G-graduation
|m1 ⊗m2 ⊗ . . .⊗mn| = |m1||m2| . . . |mn|.
By this way T˜ (M) is a G-graded algebra. Both constructions are functorial hence
we consider the functor T˜ : U(C)→ C. Put
T := T˜ ◦ F : C → C
If A is an object in C there exists an morphism in C
ηA : T (A)→ A ηA(a1 ⊗ . . .⊗ an) = a1 . . . an
and a morphism in U(C) µA : A→ T (A) which is the inclusion at the first summand
of T (A). Let A,B be objects in C, it is easy to check that
(2.4.2) homC(T (A), B) ≃ homU(C)(F (A), F (B)).
Hence if we have a morphism A → B in U(C), we can extend it to a morphism
T (A) → B in C. It shows that T is the left adjoint of F . The counit of the
adjuntion is ηA : T (A)→ A and it is surjective (see [10, IV.3 Thm 1]). We define
J(A) := ker ηA.
The universal extension of A is
J(A)
ıA−→ T (A)
ηA
−−→ A.
Let A
f
−→ B
g
−→ C be a weakly split extension. Let s be a section of F (g) and define
ξˆ = ηB ◦ T˜ (s), then
ηC = ηC ◦ T (g) ◦ T˜ (s) = g ◦ ηB ◦ T˜ (s) = g ◦ ξˆ.
Define ξ : J(C) → A as the restriction of ξˆ to J(C) We obtain a commutative
diagram of extensions
A
f // B
g // C
J(C)
ξ
OO
ıC
// T (C)
ξˆ
OO
ηC
// C
idC
OO
This construction of ξ depends on which s is chosen. If ξ1, ξ2 : J(C) → A are
morphisms constructed taking different sections of F (g) we will show ξ1, ξ2 are
homotopic. Define a linear equivariant (graded) map
H : C → A[t] H(c) = (1− t)ξ1(c) + tξ2(c).
By (2.4.2) it extends to a homomorphism and there exists a morphism H : T (C)→
A[t] in C such that
ev0 ◦H|J(C) = ξ1 ev1 ◦H|J(C) = ξ2.
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Then the map ξ is unique up to elementary homotopy. We call ξ the classifying map
of the extension A
f
−→ B
g
−→ C. This construction is functorial, that means if we
have a diagram of weakly split extensions,
A //
f

B
h

// C
g

A′ // B′ // C′
then there is a diagram
J(C) //
J(g)

A
f

J(C′) // A′
of classifying maps, which is commutative up to elementary homotopy.
Let L be a ring and A an object in C. Then the extension
(2.4.3) J(A)⊗Z L→ T (A)⊗Z L→ A⊗Z L
is weakly split, and there is a choice for classifying map
φA,L : J(A⊗Z L)→ J(A)⊗Z L
of (2.4.3), which is natural in both variables. In particular, if K is a finite pointed
simplicial set. There is a homotopy class of maps
(2.4.4) φA,K : J(A
K)→ J(A)K
natural with respect toK, which is represented by a classifying map of the following
extension
J(A)K
ι∗A−→ T (A)K
η∗A−−→ AK
Let S1 be the simplicial circle ∆1/∂∆1, we define
Ω := Z(S
1,⋆) P := Z(∆
1,⋆)
The path extension of A is the extension induced by the cofibration ∂∆1 ⊂ ∆1 (see
[2, Lemma 3.1.2]),
(2.4.5) ΩA −−−−−→ PA
(ev0,ev1)
−−−−−−→ A⊕A
The extension (2.4.5) is weakly split because we have a linear and equivariant
(graded) section of (ev0, ev1)
(2.4.6) (a, b) 7→ (1 − t)a+ tb.
The loop extension of A is
(2.4.7) ΩA→ PA
ev1−−→ A
Note a 7→ at is a natural section of F (ev1). Thus we can pick a natural choice for
the classifying map of (2.4.7). We call it
ρA : J(A)→ ΩA
Let P := Z(sd
•∆1,⋆) we have an extension in ind-C
AS
1
:= A(sd
•S1,⋆) AS
1
→ PA
ev1−−→ A
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which is naturally weakly split. The classifying map J(A) → AS
1
is the following
composition
(2.4.8) J(A)
ρA
−−→ ΩA
h
−→ AS
1
where h is induced by the last vertex map. We will sometimes abuse notation and
write ρA for the map (2.4.8).
Let f : A → B be a morphism in C. The mapping path extension of f is the
extension obtained from the loop extension of B by pulling it back to A
Pf := PB ×B A ΩB
ι //

PB ×B A
πf //

A
f

E′
ΩB ι
// PB //ev1
// B E
We call Pf the path algebra of f . Note the extension E
′ is naturally weakly split
because s˜(a) = (s ◦ f(a), a) is a natural section of πf where s is the natural section
of E. We define
(2.4.9) Pf := PB ×B A B
S1 −→ PB ×B A
πf
−−→ A.
Note ρf := ρBJ(f) is the classifying map of the extension (2.4.9).
2.5. Excisive homology theories. We consider triangulated categories in terms
of a loop functor Ω. A triangulated category (T ,Ω,Q) is an additive category T
with an equivalence Ω : T → T and a class Q of sequences in T called distinguished
triangles
(T ) ΩC → A→ B → C
satisfying some axioms, see [9], [2]. A triangle functor from (T1,Ω1,Q1) to (T2,Ω2,Q2)
is a pair consisting of an additive functor R : T1 → T2 and a natural transformation
α : Ω2R→ RΩ1 such that
Ω2R(C)
R(f)◦αC
−−−−−−→ R(A)
R(g)
−−−→ R(B)
R(h)
−−−→ R(C)
is a distinguished triangle in T2 for each triangle Ω1C
f
−→ A
g
−→ B
h
−→ C.
Let (T ,Ω,Q) be a triangulated category. An excisive homology theory for C with
values in T is an E-excisive homology, as defined in [2, Sec 6.6], when E is the class
of weakly split extensions.
Let P be a property for functors defined on C to some triangulated category.
A functor u : C → V is a universal functor with P if it has the property P and
if F : C → T is another functor with P there exists a unique triangle functor
G : V → T such that the following diagram is commutative
C
u //
F ❄
❄❄
❄❄
❄❄
V
G
✤
✤
✤
T
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2.6. The category KKC. Let A and B be objects in C. ConsiderM∞ the ind-ring
defined in [2, Sec 4.1] and define inductively BS
n+1
:= (BS
n
)S
1
. Define
En(A,B)C := [J
n(A),M∞B
Sn ]C .
Consider the following morphism ın : En(A,B)C → En+1(A,B)C such that
Jn(A)
f
−→M∞B
Sn
↓
Jn+1(A)
J(f)
−−−→ J(M∞BS
n
)
φ
M∞,B
Sn
−−−−−−−→M∞J(BS
n
)
ρ
BS
n
−−−→M∞BS
n+1
Define
kkC(A,B) = colimn∈NEn(A,B)C .
Let A, B and C be objects in C. There exists an associative product
◦ : kkC(B,C)× kkC(A,B)→ kkC(A,C)
which extends the composition of algebra homomorphisms. If [α] ∈ kkC(B,C) is
an element represented by α : Jn(B) → CS
n
and [β] ∈ kkC(A,B) is an element
represented by β : Jm(A)→ BS
m
then [α]◦ [β] is an element kkC(A,C) represented
by
(2.6.1) Jn+m(A)
Jn(β)
−−−−→ Jn(BS
m
) −→ Jn(B)S
m αS
m
−−−→ CS
n+m
.
This product allows us to define a composition in the category KKC whose objects
are the same objects of C and the morphisms from A to B are the elements of
kkC(A,B). Denote by
jC : C → KKC
the functor which at the level of objects is the identity and at level of morphism
sends f : A→ B to [f ] ∈ kkC(A,B).
Remark 2.6.2. A morphism f : C → M∞C in C represents an element [f ] in
kkC(C,M∞C). But also represents an element in kkC(C,C) because
kkC(C,C) = colimEn(C,C)C and E0(C,C)C = [C,M∞C]C .
Consider the functor Ω : KKC → KKC which sends an object A of C to the path
object ΩA. Let [α] be an element of kkC(A,B) represented by α : J
n(A) → BS
n
.
The class of Ω[α] is represented by
(2.6.3) Jn(AS
1
) −→ Jn(A)S
1 αS
1
−−→ BS
n+1
Note (2.6.3) represents an element of kkC(A
S1 , BS
1
) (see Lemma 6.3.8 [2] to check
it is well defined). As ı : ΩA → AS
1
is a kkC-equivalence (see corollary of Lemma
6.3.2 [2]), we have the natural isomorphism
kkC(A
S1 , BS
1
)
∼
−→ kkC(ΩA,ΩB).
A diagram
ΩC → A→ B → C
of morphisms in KKC is called a distinguished triangle if it is isomorphic in KKC to
the path sequence
ΩB′
j(ι)
−−→ Pf
j(πf )
−−−→ A′
j(f)
−−→ B′
associated with a homomorphism f : A′ → B′ in C. Denote the class of dist-
inghished triangles by Q. The category KKC is triangulated with respect to the
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endofunctor Ω : KKC → KKC and the class Q of distinguished triangles, see [2,
Theorem 6.5.2].
Let E : A
f
−→ B
g
−→ C be a weakly split extension and let cE ∈ kkC(J(C), A)
be the classifying map of E. As the natural map ρA : J(A) → ΩA induces a kkC-
equivalence (see Lemma 6.3.10, [2]) we can consider the following morphisms in
kkC(ΩC,A)
(2.6.4) ∂E := cE ◦ ρ
−1
C .
The functor jC : C → KKC with the morphisms {∂E : E ∈ E} is an excisive homology
theory, homotopy invariant and M∞-stable.
Theorem 2.6.5. The functor jC : C → KKC is universal with the properties defined
above. In other words, if T is a triangulated category and G : C → T together a
class of morphisms {∂E : E ∈ E} is an excisive, homotopy invariant and M∞-stable
functor, then there exists a unique triangle functor G : KKC → T such that the
following diagram commutes
C
jC //
G !!❇
❇❇
❇❇
❇❇
❇ KKC
G
✤
✤
✤
T
Proof. By definition jC is homotopy invariant and M∞-stable. Let us show that
jC : C → KKC is an excisive homology theory with the family {∂E : E ∈ E}. Let
E : A
f
−→ B
g
−→ C be a weakly split extension. Take the path sequence asociated to
g and the following diagram in KKC
ΩC
j(ι) // Pg
j(πg) // B
j(g) // C T
ΩC
id
OO
∂E
// A
ιf
OO
j(f)
// B
id
OO
j(g)
// C
id
OO
T ′
The first square commutes beacuse ιf ◦ cE is elementarily homotopic to ι ◦ ρC .
By [2, Lemma 6.3.2], the morphism ιf is a kkC-equivalence. Finally T and T
′ are
isomorphic in KKC and T
′ is a distinguished triangle. For the rest of the proof see
[2, Theorem 6.6.2]. 
Algebraic K-theory is not excisive, nor is it M∞-stable or homotopy invariant.
However the homotopy algebraic K-theory, defined in [12] and denoted by KH,
have all these properties. Consider the funtor KH = KH0 : Algℓ → Ab. Because it
satisfies [2, Theorem 6.6.6] we have a natural map
kkAlgℓ(ℓ, A)→ homAb(KH(ℓ),KH(A))
As ℓ is unital, there is a map Z→ ℓ which induce a map
homAb(KH(ℓ),KH(A)) 7→ homAb(KH(Z),KH(A)) ≃ KH(A).
Composing both maps we obtain a homomorphism kkAlgℓ(ℓ, A)→ KH(A) and the
main theorem from [2] prove that it is an isomorphism.
Theorem 2.6.6. Consider C = Algℓ the category of ℓ-algebras, then
kkAlgℓ(ℓ, A) ≃ KH(A).
Proof. See [2, Theorem 8.2.1]. 
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3. Equivariant matrix invariance
In the equivariant setting we replace the property of M∞-stability by a stability
condition depending on C. We consider the different cases of C separately.
3.1. G-equivariant stability. Regard
MG = {f : G×G→ ℓ : supp(f) <∞}
as the algebra of matrices with coefficients in ℓ indexed by G×G, with translation
action of G:
g · es,t = egs,gt.
We are going to identify a G-algebra A with the G-algebra MG ⊗ A with the
diagonal action. Note that the map a→ a⊗ e1G,1G is not equivariant then we can
not define G-stability as in Section 2.2. For this reason we define G-stability in
terms of G-modules.
A pair (W , B) is a G-module with basis if W is a G-module, free as an ℓ-module
and B is a basis of W . A pair (W ′, B′) is a submodule with basis of (W , B) if W ′ is
a submodule ofW and B′ ⊂ B. Note that if (W1, B1) and (W2, B2) are G-modules
with basis then (W1 ⊕W2, B1 ⊔B2) is a G-module with basis.
Let (W , B) be a G-module with basis B. We define
L(W , B) := {ψ : B ×B → ℓ : {v : ψ(v, w) 6= 0} is finite for all w}
Note that L(W , B) and Endℓ(W) = {f : W → W : f is ℓ-linear} are isomorphic;
indeed we have inverse isomorphisms
(3.1.1) Endℓ(W)→ L(W , B) f 7→ ψf ψf (v, w) = pv(f(w))
here pv :W → ℓ is the projection to the submodule of W generated by v
(3.1.2) L(W , B)→ Endℓ(W) ψ 7→ fψ fψ(w) =
∑
v∈B
ψ(v, w)v.
Define
C(W , B) := {ψ ∈ L(W , B) : {w : ψ(v, w) 6= 0} is finite for all v}
F(W , B) := {ψ ∈ L(W , B) : {(v, w) : ψ(v, w) 6= 0} is finite }
EndFℓ (W , B) := {f ∈ Endℓ(W) : ψf ∈ F(W , B)}
EndCℓ (W , B) := {f ∈ Endℓ(W) : ψf ∈ C(W , B)}
Note that C(W , B) is a ring with the matrix product and EndCℓ (W , B) is a ring
with the composition. These rings are isomorphic.
Let (W , B) be a G-module with basis. Consider the representation
ρ : G→ Endℓ(W) ρg(w) = g · w
We say that (W , B) is a G-module by finite automorphisms if ρ(G) ⊂ EndFℓ (W , B).
We say that (W , B) is aG-module by locally finite automorphisms if ρ(G) ⊂ EndCℓ (W , B).
If (W , B) is aG-module by locally finite automorphisms, EndCℓ (W , B) and End
F
ℓ (W , B)
are G-algebras with the following action
g · f = ρ(g)f(ρ(g))−1
Note that EndFℓ (W , B) is an ideal of End
C
ℓ (W , B).
12 EUGENIA ELLIS
Example 3.1.3. Let W = ℓG be the group algebra considered as a G-module via
the regular representation with basis B = {δg : g ∈ G},
(3.1.4) g · (
∑
h∈G
ahδh) =
∑
h∈G
ahδgh, ah ∈ ℓ.
Note
ρ : G→ Endℓ(ℓG) ≃ L(ℓG,B) g 7→Mg =
∑
t∈G
egt,t
As Mg ∈ C(ℓG,B) for all g ∈ G, (ℓG,B) is a G-module by locally finite automor-
phisms. Moreover we have (Mg)
−1 = Mg−1 = (Mg)
t and MG = F(ℓG,B).
Let A be a G-algebra. Consider the tensor product MGA = MG ⊗ A with the
diagonal action of G.
Remark 3.1.5. Let W be a G-module. Let Wτ be W considered as a G-module
with trivial action. Recall that ℓG⊗W ≃ ℓG⊗Wτ . Inverse isomorphisms are given
by
T : ℓG⊗Wτ → ℓG⊗W S : ℓG⊗W → ℓG⊗Wτ
T (δg ⊗ h) = δg ⊗ g(h) S(δg ⊗ h) = δg ⊗ g
−1(h)
If (W , B) is a G-module with basis we will write EndCℓ (W) and End
F
ℓ (W) om-
miting the basis when there is no confusion.
Remark 3.1.6. Let (W , B) be a G-module with basis. Let us check that
EndFℓ (ℓG⊗W) ≃ End
F
ℓ (ℓG)⊗ End
F
ℓ (W).
Define a G-algebra homomorphism T : EndFℓ (ℓG) ⊗ End
F
ℓ (W) → End
F
ℓ (ℓG ⊗W)
by
T (eg,h ⊗ ev,w) = eg,v,h,w v, w ∈ B g, h ∈ G
As T is a bijection between the basis, T is an isomorphism.
Let (W1, B1) and (W2, B2) be G-modules by locally finite automorphisms such
that card(Bi) ≤ card(G) × cardN, i = 1, 2. The inclusion ι : W1 → W1 ⊕ W2
induces a morphism of G-algebras
(3.1.7) ι˜ : EndFℓ (W1)→ End
F
ℓ (W1 ⊕W2) f 7→
(
f 0
0 0
)
Let A be a G-algebra and consider
ι˜⊗ 1 : EndFℓ (W1)⊗A→ End
F
ℓ (W1 ⊕W2)⊗A.
A functor F : G-Alg → D is G-stable if for (W1, B1), (W2, B2) and A as above
F (ι˜⊗ 1) is an isomorphism in D.
Let us show that if F : G-Alg → D is a G-stable functor then F is M∞-stable.
Consider (W1, B1) = (ℓ, {1}) and (W2, B2) = (ℓ(N), {ei : i ∈ N}) with ℓ(N) = ⊕∞i=1ℓ,
{ei : i ∈ N} is the canonical basis and both modules have the trivial action of G.
Note
EndFℓ (ℓ) = Endℓ(ℓ) = ℓ End
F
ℓ (ℓ⊕ ℓ
(N)) = EndFℓ (ℓ
(N)) =M∞
and ι˜∞ : ℓ → M∞ is the inclusion at the upper left corner. Then ι˜ ⊗ 1 = ι : A →
M∞(A) and F (ι) is an isomorphism. Observe that if G = {e}, F is G-stable if and
only if F is M∞-stable.
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Let A, B be G-algebras and F : G-Alg→ D a functor. A zig-zag between A and
B by F is a diagram in G-Alg
A
f1
−→ C1
g1
←− . . .
fn
−→ Cn
gn
←− B
such that F (gi), i = 1, . . . , n, are isomorphisms in D.
Example 3.1.8. Let A be a G-algebra and F a G-stable functor. There exists a
zig-zag between A and MGA by F . ConsiderW1 = (ℓG,B) as in the example 3.1.3
and consider W2 = (ℓ, {1}) with the trivial action of G. Put W = W1 ⊕W2 and
C = EndFℓ (W) with the induced action, then
ι : A = A⊗ ℓ = A⊗ EndFℓ (ℓ)→ A⊗ C ← A⊗MG : ι
′
is a zig-zag between A and MGA by F .
Proposition 3.1.9. Suppose G is countable. Let F : G-Alg→ D be an M∞-stable
functor. Define
Fˆ : G-Alg→ D A 7→ F (MG ⊗A)
Then Fˆ is G-stable.
Proof. Let (W1, B1), (W2, B2) be G-modules by locally finite automorphisms and
let A be a G-algebra. Consider
ι˜⊗ 1 : EndFℓ (W1)⊗A→ End
F
ℓ (W1 ⊕W2)⊗A.
We have to prove that
(3.1.10) Fˆ (ι˜⊗ 1) : F (MG ⊗ End
F
ℓ (W1)⊗A)→ F (MG ⊗ End
F
ℓ (W1 ⊕W2)⊗A)
is an isomorphism. By remarks 3.1.6 and 3.1.5 we know that
F (MG ⊗ End
F
ℓ (W1)⊗A) ≃ F (End
F
ℓ (W
τ
1 )⊗MG ⊗A)
and
F (MG ⊗ End
F
ℓ (W1 ⊕W2)⊗A) ≃ F (End
F
ℓ ((W1 ⊕W2)
τ )⊗MG ⊗A).
Note that EndFℓ (W
τ
1 ) and End
F
ℓ ((W1 ⊕W2)
τ ) are equivariantly isomorphic to Mn
or M∞. As F is M∞-stable, (3.1.10) is an isomorphism. 
Remark 3.1.11. Suppose G is a finite group of order n such that 1/n ∈ ℓ. Then the
element ξ = (1/n)
∑
g∈G δg in ℓG is idempotent. The map s : ℓ → ℓG, s(1) = ξ,
is a G-equivariant section of the canonical augmentation ϕ : ℓG → ℓ. Thus the
sequence of G-modules
(3.1.12) 0 // I // ℓG
ϕ // ℓ // 0
splits. Hence ℓG = ℓξ⊕ I. Notice that I is a G-module with basis {δe− δg : g 6= e}.
Define
λg =
{
ξ g = e
δe − δg g 6= e
The set Λ = {λg : g ∈ G} is a basis of ℓG and the relations with the elements of
B = {δg : g ∈ G} are the following
λe =
1
n
∑
g∈G δg λh = δe − δh
δe = λe +
1
n
∑
g 6=e λg δh = λe − λh +
1
n
∑
g 6=e λg
h 6= e
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Consider W1 = ℓ = (ℓξ, {ξ}) and W2 = (I, {λg}g 6=e), in this case the morphism
(3.1.7) is
ι : ℓ→MG ≃ End(ℓG,Λ) 1 7→


1 0 . . . 0
0 0 . . . 0
...
...
. . .
...
0 0 . . . 0


If we write it in the canonical basis B we have
ι : ℓ→MG = End(ℓG,B) 1 7→


1
n
1
n . . .
1
n
1
n
1
n . . .
1
n
...
...
. . .
...
1
n
1
n . . .
1
n


If F : G-Alg→ D is a G-stable functor then F (ι) is an isomorphism in D.
3.2. G-graded stability. In this section we consider a dual notion of G-equivariant
stability. We want to identify a G-graded algebra A with the G-graded matrix alge-
bra MGA. The definition of G-graded stability is easier than that of G-equivariant
stability because the morphism A→MGA, a 7→ e1G.1G ⊗ a, is homogeneous.
Write Ggr-Alg for the category of G-graded algebras. Let A be a G-graded
algebra. Define the following grading in MGA
(3.2.1) (MGA)g :=< es,t ⊗ a : g = s|a|t
−1 > .
Depending on the context MGA will be considered as an algebra, a G-algebra or
a G-graded algebra. Let be
ιA : A→MGA a 7→ e1G,1G ⊗ a,
note ιA is homogeneous. A functor F : Ggr-Alg → D is Ggr-stable if F (ιA) is an
isomorphism in D for all A ∈ Ggr-Alg.
Proposition 3.2.2. Suppose G is countable. Let F : Ggr-Alg → D be an M∞-
stable functor. Define
Fˆ : Ggr-Alg→ D A 7→ F (MGA)
with MGA as in (3.2.1). Then Fˆ is Ggr-stable.
Proof. Denote by M|G| to MG with the trivial grading. Because G is countable we
have that M∞M|G| andM∞ are isomorphic in Ggr-Alg. We also have the following
isomorphisms of G-graded algebras
η :MGMG →MGM|G| es,g ⊗ et,r 7→ est,gr ⊗ et,r
µ :MGM|G| →M|G|MG es,g ⊗ et,r 7→ et,r ⊗ es,g
Consider the following commutative diagram
MGMGA
η // MGM|G|A
µ
''PP
PPP
PPP
PPP
P
MGA
idMG ⊗ιA
99tttttttttt
ι∞
%%❑
❑❑
❑❑
❑❑
❑❑
❑ M|G|MGA
ι∞
ww♥♥♥
♥♥♥
♥♥♥
♥♥♥
M∞MGA ≃
// M∞M|G|MGA
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It follows that Fˆ (ιA) = F (idMG ⊗ιA) is an isomorphism in D because F is M∞-
stable. 
4. Equivariant algebraic kk-theory
From now to the rest of the paper we suppose G is a countable group.
4.1. The category KKG. In this section we introduce an equivariant algebraic
kk-theory for G-algebras. Let A, B be G-algebras, we define
kkG(A,B) := kkG-Alg(MG ⊗A,MG ⊗B).
Consider the category KKG whose objects are the G-algebras and where the mor-
phisms between A and B are the elements of kkG(A,B). Let jG : G-Alg → KKG
be the functor defined as the identity on objects and which sends each morphism
of G-algebras f : A→ B to its class [idMG ⊗f ] ∈ kk
G(A,B). The composition law
in KKG is the same that in (2.6.1) taking MG ⊗ A, MG ⊗ B and MG ⊗ C instead
of A, B and C. As in Section 2.6 we have an equivalence Ω : KKG → KKG and
distinguished triangles
ΩC → A→ B → C
in KKG which gives to KKG a triangulated category structure.
Theorem 4.1.1. The functor jG : G-Alg → KKG is an excisive, equivariantly
homotopy invariant, and G-stable functor. Moreover, it is the universal functor for
these properties. In other words, if T is a triangulated category and R : G-Alg→ T
together a class of morphisms {∂E : E ∈ E} is an excisive, equivariantly homotopy
invariant and G-stable functor, then there exists a unique triangle functor R :
KK
G → T such that the following diagram commutes
G-Alg
jG //
R
##❍
❍❍
❍❍
❍❍
❍❍
KK
G
R
✤
✤
✤
T
Proof. Let E be a weakly split extension. Define
∂GE ∈ homKKG(ΩC,A) = homKKG-Alg(ΩMG ⊗ C,MG ⊗A)
as the morphism ∂E′ defined in (2.6.4) asociated to the following weakly split ex-
tension
MG ⊗A→MG ⊗B →MG ⊗ C (E
′)
By theorem 2.6.5 and proposition 3.1.9 the functor jG : G-Alg → KKG with the
family {∂GE : E ∈ E} is an excisive, homotopy invariant and G-stable functor. Let
us check it is universal for these properties. Let X : G-Alg→ T be a functor which
has the mentioned properties with a family {∂E : E ∈ E} . By theorem 2.6.5 there
exists a unique triangle functor X : KKG-Alg → T such that the following diagram
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commutes
(4.1.2) G-Alg
X
✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼
jG //
jG-Alg
$$■
■■
■■
■■
■■
■
KK
G
X′
✟
✟
✟
✟
✟
✟
✟
✟
✟
KKG-Alg
::✈✈✈✈✈✈✈✈✈✈
X

T
We will define X ′ : KKG → T . We know that X ′ = X on objects. As X is G-stable
the following morphisms are a zig-zag between A and MG⊗A by X , (see Example
3.1.8)
(4.1.3) A
ιA // MG⊔{∗} ⊗A MG ⊗A
ι′Aoo
Let α ∈ kkG(A,B) and define
X ′(α) := X(ιB)
−1X(ι′B)X(α)X(ι
′
A)
−1X(ιA).
Note this definition is the unique possibility to make the diagram (4.1.2) commu-
tative. 
4.2. The category KˆK
G
. In this section we introduce the equivariant algebraic
kk-theory for G-graded algebras. Let A, B be G-graded algebras. We define
kˆk
G
(A,B) := kkGgr-Alg(MGA,MGB).
Consider the category KˆK
G
whose objects are the G-graded algebras and the mor-
phisms between A and B are the elements of kˆk
G
(A,B). Let jGgr : Ggr-Alg→ KˆK
G
be the functor defined as the identity on objects and which sends each morphism
of G-graded algebras f : A → B to its class [idMG f ] ∈ kˆk
G
(A,B). As in Section
4.1 we can consider a triangulated category structure on KˆK
G
.
Theorem 4.2.1. The functor jGgr : Ggr-Alg → KˆK
G
is an excisive, graded
homotopy invariant, and G-graded stable functor. Moreover, it is the universal
functor for these properties. In other words, if T is a triangulated category and
R : Ggr-Alg→ T together a class of morphisms {∂E : E ∈ E} is an excisive, graded
homotopy invariant and G-graded stable functor, then there exists a unique triangle
functor R : KˆK
G
→ T such that the following diagram commutes
Ggr-Alg
jGgr //
R
$$❍
❍❍
❍❍
❍❍
❍❍
❍
KˆK
G
R
✤
✤
✤
T
Proof. The proof is similar to Theorem 4.1.1. 
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5. Algebraic Green-Julg theorem
5.1. Crossed product and trivial action. Let A be an ℓ-algebra. Write Aτ for
A with the trivial action of G. This gives us a functor τ : Alg → G-Alg. It is
easy to check that jG ◦τ satisfies excision, is homotopy invariant and isM∞-stable.
Write KK = KKAlg. By Theorem 2.6.5 there exists a unique functor τ : KK→ KK
G
such that the following diagram is commutative
Alg
τ //
j

G-Alg
jG

KK
τ
// KKG
Let A be a G-algebra. The crossed product algebra A⋊G is the ℓ-module A⊗ℓG
with the following multiplication
(a⋊ g)(b⋊ h) = a(g · b)⋊ gh a, b ∈ A g, h ∈ G.
Proposition 5.1.1. Let A be a G-algebra and W a G-module by locally finite
automorphisms. The following algebras are naturally isomorphic
(A⋊G)⊗ EndFℓ (W) ≃ (A⊗ End
F
ℓ (W))⋊G.
Proof. Let ρ : G → (EndKℓ (W))
× be the structure map. Note that the homomor-
phisms
φ : (A⋊G)⊗EndFℓ (W)→ (A⊗End
F
ℓ (W))⋊G φ(a⋊ g⊗ϕ) = a⊗ϕρ(g
−1)⋊ g
ψ : (A⊗ EndFℓ (W))⋊G→ (A⋊G)⊗ End
F
ℓ (W) ψ(a⊗ ϕ⋊ g) = a⋊ g ⊗ ϕρ(g)
are inverse of each other. 
Proposition 5.1.2. There exists a unique functor ⋊G : KKG → KK such that the
following diagram is commutative
G-Alg
⋊G //
jG

Alg
j

KK
G
⋊G
// KK
Proof. We shall show j(− ⋊ G) is excisive, homotopy invariant and G-stable. Be-
cause ⋊G maps split exact sequences to split exact sequences and j is excisive, then
j(−⋊G) is excisive.
That j(−⋊G) is homotopy invariant follows from the fact that
A[t]⋊G = (A⋊G)[t].
Let (W1, B1), (W2, B2) be G-modules by locally finite automorphisms and A a G-
algebra. Consider the isomorphism ψ defined in Proposition 5.1.1. Note that the
following diagram is commutative
(A⊗ EndFℓ (W1))⋊G
(1⊗ι˜)⋊G //
ψ

(A⊗ EndFℓ (W1 ⊕W2))⋊G
ψ

(A⋊G)⊗ EndFℓ (W1) (1⋊G)⊗ι˜
// (A⋊G)⊗ EndFℓ (W1 ⊕W2)
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Because j is M∞-stable, j((1 ⋊G)⊗ ı˜) is an isomorphism. Hence j(− ⋊G)(1 ⊗ ı˜)
is an isomorphism by the diagram above. 
Remark 5.1.3. Let [ι∞α] ∈ kk
G(A,B) be an element represented by α : Jn(MGA)→
(MGB)
sdp Sn which is a morphism in [Jn(MGA),M∞(MGB)sd
p Sn ]. Consider the
classifying map
Jn(MGA⋊G)→ J
n(MGA)⋊G
The element [α]⋊G is represented by the following composition
Jn(MGA⋊G)→ J
n(MGA)⋊G
α⋊G
−−−→ (MGB)
sdp Sn
⋊G.
Proposition 5.1.4. The functor ⋊G : KKG → KK is a triangle functor.
Proof. A distinguished triangle in KKG is a diagram isomorphic to
ΩB
jG(ι)
−−−→ Pf
jG(πf )
−−−−→ A
jG(f)
−−−−→ B
for some morphism of G-algebras f : A→ B. That means, if it is isomophic to
(5.1.5) MGΩB
jG-Alg(ι)
−−−−−−→MGPf
jG-Alg(πf )
−−−−−−−→MGA
jG-Alg(f)
−−−−−−→MGB
in KKG-Alg. The functor ⋊G : KK
G → KK sends the triangle (5.1.5) to
(5.1.6) (MGΩB)⋊G −→ (MGPf )⋊G −→ (MGA)⋊G −→ (MGB)⋊G
which by Proposition 5.1.1 and M∞-stability is isomorphic to
(5.1.7) Ω(B ⋊G) −→ Pf ⋊G −→ A⋊G −→ B ⋊G
As Pf ⋊G ≃ Pf⋊G, (5.1.7) is a distinghished triangle in KK. 
5.2. Green-Julg Theorem for KKG. In this section we shall see an algebraic
version of the Green-Julg Theorem, see [11] and [6] for versions of this result
in Kasparov KK-theory and E-theory setting.
Theorem 5.2.1. Let G be a finite group of n elements and 1/n ∈ ℓ. The functors
τ : KK→ KKG and ⋊G : KKG → KK are adjoint functors. Hence
kkG(Aτ , B) ≃ kk(A,B ⋊G) A ∈ Alg B ∈ G-Alg.
Proof. By [10, Theorem 2, pag 81], it is enough to prove that there exist natural
transformations αA ∈ kk(A,Aτ ⋊ G) and βB ∈ kk
G((B ⋊ G)τ , B) such that the
following compositions
Aτ
τ(αA)
−−−−→ (Aτ ⋊G)τ
βτ(A)
−−−→ Aτ B ⋊G
αB⋊G
−−−−→ (B ⋊G)τ ⋊G
βB⋊G−−−−→ B ⋊G
are the identities in kkG(Aτ , Aτ ) and kk(B ⋊G,B ⋊G) respectively.
Put ǫ = 1/n
∑
g∈G g in ℓG and define
(5.2.2) αA : A→ A
τ
⋊G = A⊗ ℓG α(a) = a⊗ ǫ.
Note αA is an algebra morphism since ǫ is idempotent. Consider the element
αA ∈ kk(A,Aτ ⋊G) represented by αA. Let
βB : (B ⋊G)
τ →MGB βB(b ⋊ g) =
∑
s∈G
s(b)es,sg
One can check that βB is an equivariant algebra morphism. Let βB ∈ kk
G((B ⋊
G)τ , B) be represented by βB. The composite βτ(A)τ(αA) is idAτ ⊗ι where ι is the
map defined in 3.1.11. As jG isG-stable, jG(idAτ ⊗ι) is the identity in kk
G(Aτ , Aτ ).
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Let ψ be the morphism defined in the proof of the Proposition 5.1.1. By Remark
5.1.3, βB ⋊G is represented by ψ ◦ (βB ⋊G). We want to prove that ψ ◦ (βB ⋊G) ◦
αB⋊G represents the identity in kk(B ⋊G,B ⋊G). Note that
(ψ ◦ (βB ⋊G) ◦ αB⋊G)(b ⋊ g) =
1
n
∑
h,s∈G
(s(b)⋊ h)es,h−1sg.
Put t = h−1sg and note
(5.2.3)
1
n
∑
h,s∈G
(s(b)⋊ h)es,h−1sg =
1
n
∑
t,s∈G
(s(b)⋊ sgt−1)es,t
and
s(b)⋊ sgt−1 = (1⋊ s)(b ⋊ g)(1⋊ t−1) in B˜ ⋊G
We can write (5.2.3) as TAb⋊gT
−1, where
Ab⋊g =
1
n
∑
t,s∈G
(b⋊ g)es,t T =
∑
t∈G
(1⋊ t)et,t
Because b ⋊ g 7→ Ab⋊g represents the identity, the same is true for b ⋊ g 7→
TAb⋊gT
−1, see [2, Proposition 5.1.2]. 
Example 5.2.4. We give an example to show that the adjointness between of τ and
⋊G of Theorem 5.2.1 fails to hold at the algebra level. Let G = Z2 = {1, σ},
A = ℓ and B = (ℓG)∗ the dual algebra of ℓG with the regular action. Note
homG-Alg(A
τ , B) has two elements only:
ϕi : ℓ→ (ℓG)
∗ ϕ0(1) = 0 ϕ1(1) = χ1 + χσ
One the other hand homAlg(A,B⋊G) = homAlg(ℓ, (ℓG)
∗⋊G) has at least as many
elements as ℓ. For each λ ∈ ℓ we can define
ϕλ : ℓ→ (ℓG)
∗
⋊G ϕλ(1) = χ1 ⋊ 1 + λ(χ1 ⋊ σ) λ ∈ ℓ
Note ϕλ is an algebra morphism because χ1 ⋊ 1 + λ(χ1 ⋊ σ) is an idempotent
element.
Write ψGJ for the isomorphism of the Theorem 5.2.1
(5.2.5) ψGJ : kk
G(Bτ , A)→ kk(B,A⋊G) ψGJ = α
∗ ◦⋊G
where α is the morphism defined in (5.2.2).
Corollary 5.2.6. Let G be a finite group such that 1/|G| ∈ ℓ. Let A be a G-algebra,
then
kkG(ℓ, A) ≃ kk(ℓ, A⋊G) ≃ KH(A⋊G)

6. Induction and Restriction
In this section we study the adjoitness property of the functors of induction and
restriction between KKH and KKG where G is a group and H is a subgroup of G.
Let A be a G-algebra and H ⊂ G a subgroup. If we restrict the action to
H we obtain an H-algebra ResHG(A). It is clear this construction defines a functor
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ResHG : G-Alg→ H-Alg. It is easily seen that we can extend Res
H
G : G-Alg→ H-Alg
to a triangle functor ResHG : KK
G → KKH so that the following diagram commutes
G-Alg
ResHG //
jG

H-Alg
jH

KK
G
ResHG
// KKH
.
Let π : G→ G/H the projection and A an H-algebra. Consider
A(G,H) := {f : G→ A : #π(supp(f)) <∞}
and define
IndGH(A) = {f ∈ A
(G,H) : f(s) = h(f(sh)) ∀s ∈ G, h ∈ H}.
One checks that IndGH(A) is a G-algebra with pointwise multiplication and the
following action of G
(6.1) (g · f)(s) = f(g−1s) f ∈ IndGH(A) g, s ∈ G.
Observe this construction is functorial, if ϕ : A → B is a morphism of H-algebras
then IndGH(ϕ)(f) = ϕ ◦ f .
If g ∈ G, write χg : G → Z for the characteristic function. If a ∈ A and g ∈ G,
define
(6.2) ξH(g, a) =
∑
h∈H
χghh
−1(a) ξH(g, a)(s) =
{
h−1(a) s = gh
0 s /∈ gH
It is easy to check that these elements belong to IndGH(A) and every element φ ∈
IndGH(A) can be written as a finite sum
(6.3) φ =
∑
g∈R
ξH(g, φ(g))
where r : G/H → G is a pointed section and R = r(G/H). Note that we have the
following relations
(6.4) s · ξH(g, a) = ξH(sg, a)
(6.5) ξH(g, a)ξH(g˜, a˜) =
{
ξH(g˜, g˜
−1g(a)a˜) g˜−1g ∈ H
0 g˜−1g /∈ H
(6.6) ξH(g, a) = ξH(gh, h
−1 · a) h ∈ H
Proposition 6.7. Let A be a G-algebra and B be an H-algebra, then
IndGH(B ⊗ Res
H
GA) ≃ Ind
G
H(B)⊗A
Proof. The isomorphisms are given by
S : IndGH(B)⊗A → Ind
G
H(B ⊗ Res
H
G(A))
ξH(g, b)⊗ a 7→ ξH(g, b⊗ g−1 · a)
T : IndGH(B ⊗ Res
H
GA) → Ind
G
H(B)⊗A
ξH(g, b⊗ a) 7→ ξH(g, b)⊗ g · a

EQUIVARIANT ALGEBRAIC KK-THEORY AND ADJOINTNESS THEOREMS 21
Corollary 6.8. Let A be a G-algebra. Then
IndGH Res
H
GA→ ℓ
(G/H) ⊗A ξH(s, b) 7→ χsH ⊗ s · b
is an isomorphism of G-algebras.

Proposition 6.9. Let Ind : H-Alg→ G-Alg be the following functor
Ind(A) = IndGH(MH ⊗A).
There exists a functor IndGH : KK
H → KKG such that the following diagram is
commutative
(6.10) H-Alg
Ind //
jH

G-Alg
jG

KK
H
IndGH
// KKG
Proof. Straightforward. 
Proposition 6.11. The functor IndGH : KK
H → KKG is a triangle functor.
Proof. Let f : A → B be a morphism of H-algebras. The following is an isomor-
phism of G-algebras
(6.12) Θ : IndGH(Pf )→ PIndGH(f) ξH(g, (tp(t), a)) 7→ (ξH(g, tp(t)), ξH(g, a)).
The image of the induction functor applied to the path extension of f is
(6.13) IndGH(ΩB)
IndGH ι−−−−→ IndGH(Pf )
IndGH πf−−−−−→ IndGH A
IndGH f−−−−→ IndGH B
By Proposition 6.7 and (6.12), the extension (6.13) is isomorphic to
Ω IndGH(B)
IndGH ι−−−−→ PIndGH f
π
IndG
H
f
−−−−−→ IndGH A
IndGH f−−−−→ IndGH B.
Then IndGH : KK
H → KKG is a triangle functor. 
Theorem 6.14. Let G be a group and H a subgroup of G. Then the functors
IndGH : KK
H → KKG ResHG : KK
G → KKH
are adjoint. Hence
kkG(IndGH(B), A) ≃ kk
H(B,ResHG(A)) ∀B ∈ H-Alg A ∈ G-Alg
Proof. Let A ∈ G-Alg and B ∈ H-Alg. We need natural transformations
αA ∈ kk
G(IndGH Res
H
GA,A) βB ∈ kk
H(B,ResHG Ind
G
H B)
which verify the unit and counit condition, respectively.
Define ϕA : Ind
G
H(Res
H
G(A))→MG/H ⊗A such that
ϕA(ξH(s, b)) = esH,sH ⊗ s · b.
One checks that ϕA is a G-equivariant algebra morphism. Put
(6.15) ψB : B → Res
H
G Ind
G
H(B) ψB(b) = ξH(e, b)
It is easy to check that ψB is well-defined and is a map of H-algebras. Let αA ∈
kkG(IndGH Res
H
GA,A) the element represented by ϕA and βB ∈ kk
H(B,ResHG Ind
G
H B)
the element represented by ψB.
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The composite ResHG(αA)◦βResHG A is represented by Res
H
G(ϕA)◦ψResHG A which is
kkH -equivalent to the identity in the sense of remark 2.6.2. The element αIndGH B ◦
IndGH(βB) ∈ kk
G(IndGH B, Ind
G
H B) is represented by
γ : IndGH B →MG/H ⊗ Ind
G
H B ξH(g, b) 7→ egH,gH ⊗ ξH(g, b)
The following morphism of H-algebras
θ : C →MG/H ⊗ C θ(c) = eH,H ⊗ c
represents to the identity in the sense of remark 2.6.2. Then IndGH(θ) is kk
G-
equivalent to the identity. It is easy to check IndGH(θ) = γ with C = B. 
Write ψIR for the isomorphism
(6.16) ψIR : kk
G(IndGH B,A)→ kk
H(B,ResHGA) ψIR = ψB
∗ ◦ ResHG
where ψB is the morphism defined (6.15).
Corollary 6.17. Let G be a group, H a finite subgroup of G and A a G-algebra
then
kkG(ℓ(G/H), A) ≃ kk(ℓ, A⋊H) ≃ KH(A⋊H)
Proof. The isomorphism is the composition of ψGJ and ψIR defined in (5.2.5) and
in (6.16). 
7. Baaj-Skandalis Duality
In this section we define crossed product functors between the categories G-Alg
and Ggr-Alg. We prove that they extend to equivalences between KK
G and KˆK
G
.
In this way we obtain an algebraic duality theorem similar to the duality given by
Baaj-Skandalis in [1].
Let A be a G-algebra. Then
A⋊G =
⊕
s∈G
A⋊ s and (A⋊ s)(A⋊ t) ⊂ A⋊ st
thus A⋊G is a G-graded algebra. If f : A→ B is a homomorphism of G-algebras
then f ⋊G : A⋊G→ B⋊G is a graded homomorphism. Hence we have a functor
⋊G : G-Alg→ Ggr-Alg
We can also define a functor
G⋊ˆ : Ggr-Alg→ G-Alg
as follows. Let B be a G-graded algebra. Let G⋊ˆB be the algebra which as a
module is ℓ(G) ⊗B and the product is the following
(7.1) (χg ⋊ a)(χh ⋊ b) := χg ⋊ ag−1hb.
Here bg is the homogeneous element associated to g in the decomposition
b =
∑
g∈G
bg.
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One checks that the product (7.1) is associative and the action of G, s · χg ⋊ a =
χsg ⋊ a, makes it into a G-algebra. The crossed product G⋊ˆB ⋊G is a G-graded
algebra which contains B as a graded subalgebra by
(7.2) b 7→
∑
g∈G
χ1G ⋊ bg ⋊ g.
In (3.2.1) we definedMGB a G-graded matrix algebra asociated to B. Through the
inclusion b 7→ e1G,1G⊗b we can see B as a G-graded subalgebra of it. In Proposition
7.4 below, we prove that G⋊ˆB ⋊G is isomorphic to MGB as a G-graded algebras.
If f : A→ B is a homogeneous homomorphism we define a G-algebra homomor-
phism (G⋊ˆf) in the obvious way. Thus we have a functor
(7.3) ⋊ˆG : Ggr-Alg→ G-Alg.
Proposition 7.4. Let A be a G-algebra and let B be a G-graded algebra.
a) There are natural isomorphisms of G-algebras
G⋊ˆ(A⋊G) ≃MG ⊗A
b) There are natural isomorphisms of G-graded algebras
(G⋊ˆB)⋊G ≃MG ⊗B
Proof. a) Define T : G⋊ˆ(A⋊G)→MG ⊗A as
T (χg ⋊ a⋊ s) = g · a⊗ eg,gs.
It is easy to check that T is an equivariant algebra isomorphism with inverse
given by
S(a⊗ er,t) := χr ⋊ r
−1 · a⋊ r−1t
b) Define T : (G⋊ˆB)⋊G→MG ⊗B as
T (χh ⋊ b⋊ s) =
∑
r∈G
eh,s−1hr ⊗ br.
It is easy to check that T is a graded algebra isomorphism with inverse
given by
(7.5) S(er,s ⊗ bq) = χr ⋊ bq ⋊ rqs
−1

Theorem 7.6. The functors ⋊G and G⋊ˆ extend to inverse equivalences
−⋊G : KKG −→ KˆK
G
G⋊ˆ− : KˆK
G
−→ KKG
Hence if A and B are G-algebras and C and D are G-graded algebras then
kkG(A,B) ≃ kˆk
G
(A⋊G,B ⋊G) kˆk
G
(C,D) ≃ kkG(G⋊ˆC,G⋊ˆD)
Proof. As ⋊G maps split sequences to split sequences, jG(− ⋊ G) is excisive. By
Proposition 5.1.2 jG(−⋊G) is G-stable and homotopy invariant, whence it extends
to −⋊G : KKG → KˆK
G
by universality. Similary, asG⋊ˆmaps split exact sequences
to split exact sequences then jG(G⋊ˆ−) is excisive. Because G⋊ˆ maps graded homo-
topies to equivariant homotopies and jG(G⋊ˆ−) is M∞-stable, jG(G⋊ˆ−) extends
to G⋊ˆ− : KˆK→ KKG by universality. To finish we must show that the maps
kkG(A,B)→ kˆk
G
(A⋊G,B ⋊G) and kˆk
G
(C,D)→ kkG(G⋊ˆC,G⋊ˆD)
are isomorphisms. This is true by Proposition 7.4. 
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